EXAMPLES OF CENTRALIZERS OF AUTOMORPHISM GROUPS ALEXANDRE TURULL
ABSTRACT. If AG is a finite solvable group with (|A|, \G\) = 1 and G < AG, we explore the relationship between the Fitting height of G, the composition length of A and the structure of Cq(A).
For any A, we give examples where the difference between the Fitting height of G and that of Cg{A) is exactly twice the composition length of A.
All groups in this paper are assumed to be finite. Let A be a solvable group and assume that A acts as automorphisms of a solvable group G such that (|A|, |G|) = 1. Then it is well known that the structure of Cg{A) is intimately related to that of G. For example, it is known [3] that in that case, if h denotes Fitting height and k composition length, then h(G) < 2k(A) + h(CG(A)). The purpose of this paper is to analyze to what extent this and related results are the best possible. We prove THEOREM A. Let A be any solvable group and h any integer greater than zero. Assume further that p and q are distinct primes not dividing \A\. Then there exists a (solvable) {p,q}-group G and an action of A on G as automorphisms such that h(CG(A)) = h and h(G) = 2k(A) + h.
The special case of Theorem A where k(A) = 1 is due to E. C. Dade and appears in [2] . We also prove the following, where F denotes Fitting subgroup. where A and G range over all solvable groups such that k(A) = a, (\A\, \G\) = 1, A acts on G by automorphisms and CG(A) ~ C. We know that 1 < m(a,C) < 2, the first inequality by Theorem C and the second by [3, Corollary 3.2] . It is a well-known conjecture that supa>,(m(a, 1)) = 1. It follows from Theorem A that for infinitely many choices of C, supa>x (m(a, C)) = 2. Nevertheless, the following seems plausible.
CONJECTURE. For any solvable C, lima-oo(m(a,C)) = 1.
Proofs.
In this section we construct the relevant examples. and if x G Gi, (aofo a~x)(x) -a(g)x. So the action of A on the natural image of Gi in Gi ~ G2 is equivalent to the action of A on Gi.
Since a provides an automorphism of G2 it is easy to verify that a provides an automorphism of G y ~ G2 and that this gives a representation of A as automorphisms of G, ~ G2. PROOF OF THEOREM C. Take pi,...,Ph, h = k(A) a sequence of primes such that pi ,¿ pi+y, i = I,...,h = 1, (pi ■■■ph,\A\) = 1 and ph\\F(C)\. Let H be an A-invariant Hall p'-subgroup of the group G given by Lemma 2.3. Take C ~ H. By Lemma 2.2 we get the theorem.
